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Ensemble Kalman Methods
For Inverse Problems

I Reich [37] (Assimilation step in data assimilation)

I Chen & Oliver [10] (Randomized maximum likelihood)

I Emerick and Reynolds [13] (Iterative ensemble smoother)

I Ernst, Sprungk and Starkloff [14] (Limitation in non-Gaussian setting)

I Iglesias, Law and S [24] (Ensemble Kalman inversion – EKI)

I Iglesias [23] (Stopping rules for EKI)

I Evensen [15] (Iterative ensemble smoothers)

I Blömker, Schillings and Wacker [7], [8] (Numerical analysis perspective)

I Schneider, S and Wu [43] (Learning SDEs w/EKI)

I Schneider, S and Wu [42] (Sparsity w/EKI)



Inverse Problem

Problem Statement
Find u from y where G : U 7→ Y, η ∼ N(0, Γ) is noise and

y = G(u) + η.

Main Approaches

Optimization Φ(u) =
1

2
|y − G(u)|2Γ +

1

2
|u|2Σ;

Probability P(u|y) ∝ exp
(
−Φ(u)

)
.

Here 〈·, ·〉A = 〈·,A−1·〉 and | · |A = |A−
1
2 · |.
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Point of Departure

Langevin Equation LE

u̇ = K∇Φ(u) +
√

2KẆ , Φ(u) =
1

2

∣∣y − G(u)
∣∣2

Γ
+

1

2

∣∣u∣∣2
Σ
.



Let Them Interact

Self-Preconditioned Langevin Equation SPLE

u̇(j) = −C(u)∇Φ(u(j)) +
√

2C(u)Ẇ (j), Φ(u) =
1

2

∣∣y − G(u)
∣∣2

Γ
+

1

2

∣∣u∣∣2
Σ
,

ū =
1

J

J∑
k=1

u(k), C(u) =
1

J

J∑
k=1

(
u(k) − ū

)
⊗
(
u(k) − ū

)
.



Replace Derivatives With Differences

Ensemble Kalman Sampler EKS

u̇(j) = − 1

J

J∑
k=1

〈
G(u(k))− Ḡ,G(u(j))− y

〉
Γ

(
u(k) − ū

)
− C(u)Σ−1u(j) +

√
2C(u)Ẇ (j).

ū =
1

J

J∑
k=1

u(k), Ḡ =
1

J

J∑
k=1

G(u(k)),

C(u) =
1

J

J∑
k=1

(
u(k) − ū

)
⊗
(
u(k) − ū

)
.

EKS≡SPLE for linear G



Mathematical Structure



Gradient Flow In
Parameter Space

I Bergemann & Reich (2010a, 2010b, 2012) [3, 4, 5] (Ensemble Filtering
Continuous Time)

I Reich (2011) [37] (Ensemble Filtering Continuous Time)

I Titi and coworkers [20, 1] (Connection to Foais/Prodi)

I Blömker, Law, S & Zygalakis (2013) [6] (3DVAR Filtering Continuous Time)

I Kelly, Law & S (2015) [27] (Ensemble Filtering Continuous Time)

I Schillings & S (2017) [41] (Ensemble Inversion Continuous Time)

I Reich & Cotter (2015) [38] (Text)

I Law, S & Zygalakis (2015) [30] (Text)

I Lange & Stannat [29] (Ensemble Filtering Continuous Time)

I Lange & Stannat [28] (Ensemble Square Root Filtering Continuous Time)

I Chada, S & Tong [9] (Tikhonov and EKI)



Gradient Flow In Space
Of Probability Measures

I Jordan, Kinderlehrer & Otto 1998 [25] (Gradient Structure for FPE)

I Otto 2001 [33] (Wasserstein Gradient Structure)

I Benamou & Brenier 2000 [2] (Transport Perspective)

I Reich & Cotter 2013 [39] (Transport and Ensemble)

I Garbuno-Inigo, Hoffmann, Li & Stuart 2020 [16] (Kalman-Wasserstein Metric)

I Garbuno-Inigo, Nüsken & Reich [17] (Affine Invariance)



Self-Preconditioned Langevin Equation [16]

Mean Field Limit: Nonlinear Nonlocal Fokker-Planck Eq.

u̇ = −C(ρ)∇Φ(u) +
√

2C(ρ)Ẇ ,

C(ρ) =

∫ (
u − ū

)
⊗
(
u − ū

)
ρ(u, t)du, ū =

∫
uρ(u, t)du,

∂tρ = ∇ ·
(
ρ C(ρ)∇Φ

)
+ C(ρ) : D2ρ, ρ(0) = ρ0.

Theorem [25],[16]

The nonlinear nonlocal Fokker-Planck equation may be written as

∂tρ = ∇ ·
(
ρ C(ρ)∇δE

δρ

)
, E(ρ) =

∫
(Φ + ln ρ) ρ du.

I ρ∞(u) := exp
(
−Φ(u)

)
is a steady-state of the Fokker-Planck equation.

Theorem [16]

I G linear then ‖ρ(·, t)− ρ∞‖L1 ≤ C exp(−t) (independent of G)



Guiding Examples

I Cleary et al [11] (Use of Time-Average Data)

I Held-Suarez [34, 21] (GCM)

I Jiulier et al [26] (Unscented Kalman Filter)

I Huang, Schneider & S [22] (Unscented Kalman Inversion)



Data From Dynamics

Time-Averaged Data

dv

dt
= F (v ; u), v(0) = v0,

y = GT (u; v0) =
1

T

∫ T

0

ϕ
(
v(t)

)
dt.

Central Limit Theorem

GT (u; v0) ≈ G(u) +
1√
T
N(0,Σ),

y = G(u) +
1√
T
N(0,Σ).



Example 1 – 3D NS With Hydrostatic Assumption

Governing Dynamics

∂ρ

∂t
+∇ · (ρv) +

∂ρω

∂z
= 0

Dv

∂t
+ Ωk × v +

∇p
ρ

+∇Φ = F

DT

∂t
− RTω

Cpp
= Q

∂p

∂z
= −ρg

p = ρRT

ρ : fluid density; v, ω : horizontal and vertical velocities;
T : temperature; p : pressure, Φ : geopotential; k unit vertical.
D/Dt represents the derivative following a fluid parcel.
Q : radiation, to be learned.



Closure Model (Radiation Model)

Q = −kT (φ, σ)(T − Teq(φ, p))

kT = ka + (ks − ka) max
(

0,
σ − σb

1− σb

)
cos4 φ

Teq = max
{

200K , [315K −∆Ty sin2 φ−∆θz log(
p

p0
) cos2 φ](

p

p0
)κ
}

ka = 1/40 day−1 ks = 1/4 day−1 ∆Ty = 60 K ∆θz = 10 K

σ : vertical coordinate; φ : latitude; p0 : reference sea-level pressure; κ =
R

Cp
.



Zonally/Temporally Averaged Temperature

Data used for training



Convergence History
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Rough Forward Models

I Affine invariance and ensemble samplers: Goodman and Weare [18]

I Other ensemble samplers: Leimkuhler, Matthews and Weare [31]

I Ensemble GP samplers: Reich and co-workers [32, 40]

I Multiscale analysis: Duncan, S & Wolfram [12]

I Related analysis for MCMC: Plechac and Simpson [36]



Inverse Problem

Problem Statement
Find u from y where G : U 7→ Y, η ∼ N(0, Γ) is noise and

y = G(u) + η.

Main Approaches

Optimization Φ(u) =
1

2
|y − G(u)|2Γ +

1

2
|u|2Σ;

Probability P(u|y) ∝ exp
(
−Φ(u)

)
.

Here 〈·, ·〉A = 〈·,A−1·〉 and | · |A = |A−
1
2 · |.



Ensemble Kalman Sampler EKS

Sample Path

u̇ = F (u, ρ;G) +
√

2C(ρ)Ẇ ,

Fokker-Planck

∂tρ = ∇ ·
(
∇ ·
(
C(ρ)ρ

)
− F (u, ρ;G)ρ

)
.



Ensemble Kalman Sampler EKS

Goal

y = G0(u) + η.

Assumption

Available forward model G = Gε where

Gε(u) = G0(u) + G1(u/ε),

G0 ∈ C 1(Rd ,RK ), G1 ∈ C 1(Td ,RK ) and
∫
Td G1(y) dy = 0.

Multiscale Expansion Result

In limit ε→ 0

ρ(u, t;Gε)→ ρ(u, t;G0).



Self-Preconditioned Langevin Equation SPLE

Sample Path

u̇ = −C(ρ)∇Φ(u) +
√

2C(ρ)Ẇ

Fokker-Planck

∂tρ = ∇ ·
(
C(ρ) (∇Φρ+∇ρ)

)
.



Self-Preconditioned Langevin Equation SPLE

Goal

y = G0(u) + η.

Assumption

Available forward model G = Gε where

Gε(u) = G0(u) + G1(u/ε),

G0 ∈ C 1(Rd ,RK ), G1 ∈ C 1(Td ,RK ) and
∫
Td G1(y) dy = 0.

Multiscale Expansion Result

In limit ε→ 0

ρ(u, t; Φε, C)→ ρ(u, t; Φ∗,D).

Here Φ∗ 6= Φ0 and C � D.



Example 2 – Linear + Periodic

Available Forward Model Gε(·)

Gε(u) = Au +

[
sin

(
2πu1

ε

)
, sin

(
2πu2

ε

)]>
with A =

(
−1 0
0 2

)
.

Desired Forward Model G0(·)

G0(u) = Au with A =

(
−1 0
0 2

)
.



Noisy Misfit
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Noisy Misfit
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Noisy Misfit
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Example 3 – Lorenz ’63

Governing Dynamics

ẋ = 10 (y − x)

ẏ = r x − y − x z

ż = x y − b z

I 2-dimensional unknown: u = [r , b]>

I Forward map G only available to us approximately via GT .

I Noise η only available to us approximately via GT .



Noisy Misfit
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Noisy Misfit
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Refineable Ensemble Methods

I Random particles: Haber, Lucka and Ruthotto (2018) [19]

I Multiscale particles: Pavliotis, S & Vaes (2021) [35]



Multiscale-EKS

Sample Path

u̇ = − 1

Jσ2

J∑
j=1

〈G(u(j))− G(u),G(u)− y〉Γ (u(j) − u)

− C(Ξ)Σ−1u +
√

2νC(Ξ) ẇ ,

u(j) = u + σ ξ(j), j = 1, . . . , J,

ξ̇(j) = − 1

δ2
ξ(j) +

√
2

δ2
ẇ (j), ξ(j)(0) ∼ N (0, Id), j = 1, . . . , J,

Covariance

C(Ξ) =
1

J

J∑
j=1

(ξ(j) ⊗ ξ(j)).



Multiscale-EKS

Sample Path

u̇t = −∇ΦR(ut) +
√

2ν ẇt .

Define the exponent β is defined as follows:

β =

{
1 if G ∈ C 2(Td ,RK ),

2 if G ∈ C 3(Td ,RK ).

Theorem [35]
Let p > 1. Then

E
(

sup
0≤t≤T

‖u(t)− u(t)‖p
)
≤ C(δp + σβp).



Example 3: Darcy Flow

Problem Setting

I Forward: Find pressure p(·) from permeability a(·):

−∇ · (a(x)∇p(x)) = f (x), x ∈ D

p(x) = 0, x ∈ ∂D.

I Inverse: Find a from linear functionals {`j} of p.

I Prior on a: C = (−∆ + τ 2I)−α, Cϕj = λjϕj , log a ∼ N(0, C):

log a(x) =
∑
j∈Z2

+

uj

√
λj ϕj(x), uj ∼ N(0, 1) i.i.d. .

I Likelihood y |u ∼ N(G(u), γ2I ),

Gj(u) = `j
(
p(·; u)

)
, j = 1, · · · , 50.

I Posterior u|y .



Posterior Mean
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Posterior Variability
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Closing



Conclusions

1. Inverse problems of increasing importance.

I Often forward model is expensive.
I Often forward model adjoints impossible/expensive.
I Sometimes only rough forward model available.

2. Ensemble methods attractive in this setting.

I Gradient flow structure: parameter space;
I Gradient flow structure: probability space.
I Multiscale analysis of rough forward models.
I Multiscale approach to refineable approximations.

3. Many open mathematical questions.
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Affine invariant interacting Langevin dynamics for bayesian inference.

SIAM Journal on Applied Dynamical Systems, 19(3):1633–1658, 2020.

[18] J. Goodman and J. Weare.

Ensemble samplers with affine invariance.

Communications in applied mathematics and computational science,
5(1):65–80, 2010.

[19] E. Haber, F. Lucka, and L. Ruthotto.

Never look back-a modified enkf method and its application to the
training of neural networks without back propagation.

arXiv preprint arXiv:1805.08034, 2018.

[20] K. Hayden, E. Olson, and E. S. Titi.

Discrete data assimilation in the lorenz and 2d navier–stokes equations.

Physica D: Nonlinear Phenomena, 240(18):1416–1425, 2011.



References VI

[21] I. M. Held and M. J. Suarez.

A proposal for the intercomparison of the dynamical cores of atmospheric
general circulation models.

Bulletin of the American Meteorological society, 75(10):1825–1830, 1994.

[22] D. Z. Huang, T. Schneider, and A. M. Stuart.

Unscented Kalman inversion.

arXiv preprint arXiv:2102.01580, 2021.

[23] M. A. Iglesias.

A regularizing iterative ensemble kalman method for pde-constrained
inverse problems.

Inverse Problems, 32(2):025002, 2016.

[24] M. A. Iglesias, K. J. Law, and A. M. Stuart.

Ensemble Kalman methods for inverse problems.

Inverse Problems, 29(4):045001, 2013.



References VII

[25] R. Jordan, D. Kinderlehrer, and F. Otto.

The variational formulation of the fokker–planck equation.

SIAM journal on mathematical analysis, 29(1):1–17, 1998.

[26] S. J. Julier, J. K. Uhlmann, and H. F. Durrant-Whyte.

A new approach for filtering nonlinear systems.

In Proceedings of 1995 American Control Conference-ACC’95, volume 3,
pages 1628–1632. IEEE, 1995.

[27] D. T. Kelly, K. J. Law, and A. M. Stuart.

Well-posedness and accuracy of the ensemble Kalman filter in discrete and
continuous time.

Nonlinearity, 27(10):2579, 2014.

[28] T. Lange and W. Stannat.

On the continuous time limit of ensemble square root filters.

arXiv preprint arXiv:1910.12493, 2019.



References VIII

[29] T. Lange and W. Stannat.

On the continuous time limit of the ensemble Kalman filter.

arXiv preprint arXiv:1901.05204, 2019.

[30] K. Law, A. Stuart, and K. Zygalakis.

Data assimilation.

Cham, Switzerland: Springer, 2015.

[31] B. Leimkuhler, C. Matthews, and J. Weare.

Ensemble preconditioning for markov chain monte carlo simulation.

Statistics and Computing, 28(2):277–290, 2018.

[32] D. Maoutsa, S. Reich, and M. Opper.

Interacting particle solutions of Fokker-Planck equations through
gradient-log-density estimation.

Entropy, 22(8), 2020.



References IX

[33] F. Otto.

The geometry of dissipative evolution equations: the porous medium
equation.

2001.

[34] P. A. OGorman and T. Schneider.

The hydrological cycle over a wide range of climates simulated with an
idealized gcm.

Journal of Climate, 21(15):3815–3832, 2008.

[35] G. Pavliotis, A. Stuart, and U. Vaes.

Derivative-free bayesian inversion using multiscale dynamics.

arXiv preprint arXiv:2102.00540, 2021.
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